We study an N -body Calogero model in the S N -symmetric subspace of the positive definite Fock space. We construct a new algebra of S N -symmetric operators represented on the symmetric Fock space, and find a natural orthogonal basis by mapping the algebra onto the Heisenberg algebra. Our main result is the bosonic realization of nonlinear symmetry algebra describing the structure of degenerate levels of Calogero model.
For simplicity, we have seth, the mass of particles and the frequency of harmonic oscillators equal to one. The dimensionless constant ν is the coupling constant (and/or the statistical parameter) and N is the number of particles. The ground-state wave function is, up to normalization,
where
with the ground-state energy E 0 = N[1 + (N − 1)ν]/2. Let us introduce the following analogs of creation and annihilation operators [2] :
are Dunkl derivatives [10] , and the operator a i annihilates the vacuum. The elementary generators K ij of symmetry group S N exchange labels i and j:
and we choose K ij |0 = |0 . One can easily check that the commutators of creation and annihilation operators (4) are
After performing a similarity transformation on the Hamiltonian (1), we obtain the reduced Hamiltonian
acting on the space of symmetric functions. We restrict the Fock space {a †n 1
i a i acts as the total number operator. In the following we demand that all states have positive norm, i. e., ν > −1/N [11] . Next, we introduce the collective S N -symmetric operators
where B 0 is the constant N multiplied by the identity operator, and B 1 represents the center-of-mass operator (up to the constant √ N). The complete F symm can be described as
k ] = 0, hence we wish to construct the operators X † k , such that [B 1 , X † k ] = 0 for every k larger than one, in order to separate the center-of mass coordinate. The simplest choice of (N − 1) operators commuting with B 1 is
The symmetric Fock space F symm is now {B 
The total number operator on F symm splits into
Note that N k are the number operators of
were hermitian, then the eigenstates A †n 2 2 · · · A †n N N |0 would be orthogonal, and vice versa. Let us discuss the A N (ν) algebra of the collective S N -invariant operators A k defined in Eq.(9) and acting on F symm , with additions of
The second relation in (12) is a consequence of the Jacobi identity. The commutator
is an S N -symmetric, normally-ordered operator, where c 1 ∼ mn is different from zero and does not depend on ν. The symbolical expression ( O) k denotes a product of operators O i of the total order k in a i (a † i ). Hence, the structure of the A N (ν) algebra is of the following type:
where I = . Specially, we find
Note that any A n , n > N can be algebraically expressed in terms of
The algebra A N (ν) can be expressed in terms of 2(N − 1) algebraically independent operators. For general N, the A N (ν) algebra of collective S N -symmetric operators (9) completely determines the action of A k , k ≤ N on any state:
for k ≤ n i , reducing it to the states with k > n i . For k > n i , one calculates the finite set of relations from (9) and (6), directly. Hence, the A N (ν) algebra is closed in the sense of the successive commutation relation (14), finite and of polynomial type. Note that the action of A i A † j (and N i ) on the symmetric Fock subspace can be written as an infinite, normally ordered expansion
Applied to a monomial state of the finite order N in F symm , only the finite number of terms in Eq.(17) will contribute. The algebraic relations, Eq.(14), are independent of ν and are common to all sets of operators {A k , A † k }, with k = 2, 3, . . . , N, satisfying
Two different sets of operators A(ν) and A(µ), satisfying the same algebra (14), differ only in the generalized vacuum conditions for k > n i . Therefore, we denote the common algebra of operators {A k , A † k } by A N , and its representation for a given ν > −1/N by A N (ν).
Let us illustrate this by the N = 3 case. The minimal set of relations which define the
plus generalized vacuum conditions 
A 3 |n 2 , n 3 = 2 n 3 (2 + 3ν)(1 + 3ν + 3n 2 ) + 9 n 3 2 (2 + 3ν + n 2 ) + 27
The ket |n 2 , n 3 denotes the state A †n 2 2 A †n 3 3 |0 . The general structure of the A N (ν) algebra can be viewed as a generalization of triple operator algebras [12] to (N + 1)-tuple operator algebra. For N = 2, the
2 /2 describing the relative motion in the two body Calogero model.
We point out that if the set of operators {A k , A † k } satisfies relations (18) there exists a mapping
If there are no null-norm vectors in the {A} Fock space, there exists the inverse mapping
) is real, if there are no negative-norm states, otherwise it is complex [11] .
In our case of interest, namely in the A N (ν) algebra, we have started with positive-norm states, i.e., ν > −1/N, so there exists a real mapping f and its inverse f −1 . In general, one can write the infinite series as
and then calculate the coefficients. There is a "gauge" freedom in mapping (22), which appears in the subspaces spanned by monomials ( A † ) N (or ( b † ) N ) of the same order N . A simple and natural choice of gauge fixing is:
and generally
Only after fixing this gauge freedom one can determine the coefficients in Eq. (22) in the unique way. For the N=3 case, we present results for the first few coefficients in Eq. (22), up to k + n ≤ 5, for the operators A 2 and A 3 :
and similarly for hermitian conjugates. The inverse mapping exists for ν > −1/3, and all relations (23), (24) and (25) can be reversed:
The states in the {A} Fock space are not orthogonal. However, monomial states b †n i i / √ n i !|0 in the {b} Fock space are orthogonal, so when we express
, we obtain a natural orthogonal states in the {A} Fock space, labelled by (n 2 , . . . , n N ), i.e., by free oscillators quantum numbers. Degenerate, orthogonal energy eigenstates of level N are then defined by N = in i . For example, some orthogonal states for N = 3 case are
The dynamical symmetry algebra C N (ν) of the Calogero model is defined as maximal algebra commuting with the Hamiltonian (7). The generators of the C N (ν) algebra act among the degenerate states with fixed energy E = N + E 0 , N a non-negative integer. Starting from any of degenerate states with energy E, all other states can be reached by applying generators of the algebra. (2) case discussed in Ref. [9] :
One can express the generators J 
Note that the generators J 
states build the N -IRREP of the C N algebra. In this sense, one can (formally) say that the nonlinear dynamical algebra C N of the Hamiltonian H 2 is related to the boson realization of SU(N) algebra describing the dynamical symmetry of the Hamiltonian H 1 .
We have studied the Calogero model in the harmonic potential for N identical bosons. We have started with the Fock space of states with positive definite norms, and restricted ourselves to the subspace of all symmetric states. After separating the center-of-mass coordinate, we have concentrated on the space {A †n 2 2 · · · A †n N N }|0 of operators {A k , A † k }. There exist number operators N k that are not hermitian, since the monomial states in Fock space F symm are not mutually orthogonal. The action of the operators A k on the states in Fock space can be calculated using successive commutators defining the algebra A N (ν), and generalized vacuum conditions. We have shown that there exists a mapping from ordinary Bose oscillators to operators {A k , A † k }, and its inverse, provided that ν > −1/N. In that way we obtained a natural orthogonal basis for S N −symmetric Fock space. Finally, we constructed a symmetry algebra describing the structure of degenerate eigenspace, in terms of ladder operators build out of the bosonic oscillators. This bosonic realization of the symmetry algebra provides more insight on the nature of the degenerate energy eigenstates in the Calogero model.
